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Abstract 

In a classical Hamiltonian theory with second class constraints the phase space 
functions on the constraint surface are observables. We give general formulas for 
extended observables, which are expressions representing the observables in the en- 
veloping unconstrained phase space. These expressions satisfy in the unconstrained 
phase space a Poisson algebra of the same form as the Dirac bracket algebra of the 
observables on the constraint surface. The general formulas involve new differential 
operators that differentiate the Dirac bracket. Similar extended observables are also 
constructed for theories with first class constraints which, however, are gauge depen- 
dent. For such theories one may also construct gauge invariant extensions with similar 
properties. Whenever extended observables exist the theory is expected to allow for a 
covariant quantization. A mapping procedure is proposed for covariant quantization 
of theories with second class constraints. 
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1 Introduction. 



In this paper we present new results at a very basic level for general classical Hamiltonian 
theories with constraints. We introduce the concept of extended observables defined in a 
very precise way. Roughly speaking if the original coordinates on the constraint surface are 
viewed as observables then extended observables are functions of the original coordinates 
defined on the unconstrained phase space with similar properties to the observables on 
the constraint surface. For theories with second class constraints in Dirac's classifications 
HI the appropriate extended observables are defined in section 3. For theories with first 
class constraints [|| (general gauge theories) we find three different possible definitions of 
extended observables. In section 5 they are defined in an analogous way to the ones in 
section 3. The resulting extended observables are gauge dependent. However, the general 
consensus is that observables in gauge theories should be gauge invariant. In section 6 
we present general forms for gauge invariant extensions. Such gauge invariant observables 
are well known in the literature (see e.g. [||, [|). Now gauge theories in a particular gauge 
are theories with second class constraints. When the construction of section 3 for second 
class constraints is applied to such systems we obtain one very particular gauge invariant 
extension which seems to have special importance. 

Apart from new very precise definitions of extended observables we also provide simple 
algorithms for their constructions. These formulas involve a new differential operator, V a , 
which differentiates the Dirac bracket (proved in the appendix). The definition of this 
operator together with other basic formulas for Poisson structures of theories with second 
class constraints is given in section 2. 

The original purpose of the present work was to develop new tools for covariant quanti- 
zation of theories with second class constraints. Although these aspects are not developed 
here we make some important remarks on quantization in section 8. First of all we believe 
the existence of extended observables to be necessary for a covariant quantization. Notice 
e.g. that the gauge invariant extension for the bosonic string in j|] are after quantization 
the DDF operators of its covariant quantization. From the very simple models treated in 
this paper in section 4 it seems as if a covariant quantization of second class constraints 
may be understood from the more conventional splitting of the constraints into gauge 
generators and gauge fixing conditions 0, ||. However, in section 8 we also give a simple 
mapping procedure for covariant quantization which directly makes use of the extended 
observables. This method is exemplified by a particle on a sphere which in this way is 
quantized in a very simple manner. The paper is then summarized in section 9. 

2 Poisson structures in theories with second class constraints. 

Let x l , i = 1, . . . , 2n, be bosonic coordinates in a symplectic manifold A4, dimA4 = 2n. 
Let, furthermore, there be a nondegenerate two- form uj on M: 



to = u>ij(x)dx l A dx 3 , detcjjj / 0, 




which is required to be closed (di = d/dx l ): 
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Since to is nondegenerate there exists an inverse to 13 in terms of which the Poisson bracket 
is defined by 

{f(x),g(x)} = u i \x)d i f{x)d j g{x), J\x)u jk (x) = 6{. (2.3) 
On Ai we have the natural differential operators 

V* = {x\ •} = J j dj (2.4) 
known as skew gradients. They satisfy a closed algebra 

[VSV] = d k (J*V k , (2.5) 

and Leibniz' rule 

V i {f(x),g(x)} = {V7(x) )5 (x)} + {/(x), V'gix)}, (2.6) 
both of which follow from the Jacobi identities 

u il diOJ jk + cycle{ijk) = 0, (2.7) 



which in turn follow from ( |2.2[ ) . V* are linearly independent and form a basis in the tangent 
space. Every vector field A is spanned by V J , i.e. we have A = a^V 4 . A differentiates the 
Poisson bracket ( |2.3j ) if it satisfies Leibniz' rule, i.e. 

A{f(x),g(x)} = {Af{x),g{x)} + {f(x),Ag(x)}. (2.8) 

This is the case if = c\a(x) implying that A then is a Hamiltonian vector field i.e. 
A = {a(x), •}. (In invariant terms, the one-form aidx 1 is then closed.) 

We turn now to the constrained Hamiltonian theory. On M we have then a dynamical 
theory with the Hamiltonian H(x) and the constraints 6 a (x) = 0, a = 1, . . . ,2m < 2n, 
which we require to be of second class in Dirac's classification Q, i.e. they satisfy 



detC 



a/3 



q ^0, C af3 = {e a ,0P}. (2.£ 



These constraints determine a hypersurface T in M. Notice that 

9> a (x) = 0, 9> a (x) = S%(x)eP(x), det^(*)| e=o /0 (2.10) 

determine the same constraint surface T. The set of constraint variables {0 a } and {9' a } 
are therefore equivalent. 



The two-form uj in (2.1) restricted to V remains a symplectic two-form, i.e. T is a 
symplectic manifold. The Poisson bracket on V may be written in terms of the coordinates 
x i of the enveloping manifold Ai. This so called Dirac bracket ]|] is given by 

{f,g} D = {/,<?} - {f,o a }c a/3 {eP, g }, (2.ii) 

where C a p is the inverse of C al3 in ( [2.9D , i.e. C a pC^ = 5^- The expression ( |2.11|) as 
written is defined on the enveloping manifold M. However, on Ai it is a degenerate 
Poisson bracket since {/, 9 a }o = 0, i.e. a are Casimir functions for the Dirac bracket. 
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(Notice that g = g a 9 a in ( 2.11 ) yields zero on T but {/, g a }D& a on M..) The Dirac bracket 
( p.lip satisfies the Jacobi identities 

{/, {9, h} D } D + cycletf, g,h)=0 (2.12) 

both on r and M. Every set of equivalent constraints lead to the same Poisson bracket 
on the constraint surface T. However, the Dirac bracket ( 2.1 1| ) for different choices of 
equivalent constraints may be different on Ai. Our constructions in the following will be 
for a fixed constraint basis. The transformation properties between equivalent sets will be 
studied elsewhere. 



In correspondence with ( |2,4| ) we may introduce Dirac skew gradients defined by 

fl'EK,}^^, u% = {x\x^ D . (2.13) 

They are linearly dependent since they satisfy the 2m relations 

d l 6 a D l = 0, a = l,...,2m. (2.14) 

D l satisfy a closed algebra and differentiate the Dirac bracket according to Leibniz' rule, 
i.e. we have 

[D\LP] = (O k u%)D k . (2.15) 



D*{f, g} D = {D*f, g} D + {/, D i g} D (2.16) 

due to the Jacobi identities ( p.!2|) for the Dirac bracket. In addition they satisfy 

D*6> Q = 0, (2.17) 

D l may, therefore, be said to differentiate parallel to the hypersurface T. The same may 
be said about the Dirac vector field Ad defined by Ad = aiD 1 . Ad differentiate the Dirac 
bracket if a, = d{a + r y a di9 a for any a and j a does not contribute to Ad). Notice that 
the Dirac bracket ( [2.11 ) may be written as 

{f,g} D =oj l3 D l fDig. (2.18) 

(In H this form of the Dirac bracket was applied by Batalin and Ogievetsky in their 
attempt to construct a star product on the second class surface T which, however, was 
successful only for a special set of constraints.) 



On M arbitrary vector fields are spanned by V* in (2.4). Since there are vector fields 
not spanned by D % we expect the existence of more operators differentiating the Dirac 
bracket. Indeed, in addition to D l there is another set of 2m operators, V a , that satisfy 
Leibniz' rule with respect to the Dirac bracket. The operators V a are defined by 

v a = c aP {eP, •} = x^di = c a pdiBN\ (2.19) 



where C a p is the inverse of ( |2.S| ) which also involved in the Dirac bracket ( 2.11 ). V a are 
linearly independent and satisfy the properties 

V a p = 5l (2.20) 



3 



and 



V a {f,g} D = {V a f, g} D + {/, V a g} D . (2.21) 

The proof of ( 2.21| ) is nontrivial and is given in Appendix A. As far as we know this 
property has not been noticed before. Notice also that 

V a f = 0^{f,6 a } = 0. (2.22) 

The following commutation relations are straight-forward to derive 

[V a ,Vp] = d k C af3 D k = {C af3 ,-} D , 



[D\ V a ] = -d k ({x\ eP}C Pa )D k . (2.23) 

The Dirac bracket ( 2.11 ) or equivalently ( p,18[) may also be written in terms of V a : 

{/, 9}d = io ij difd,g - C^VafVpg = w y V*/V^ - C^V a fV p g. (2.24) 

In fact, the skew gradient V 2 in (|2.4j) may be decomposed as follows 

V' = D l + (V l 6 a )V a , di = uJ ik D k + did a V a (2.25) 

V a may therefore be viewed as normal derivatives with respect to the constraint surface 
r. Eq.( |2.25 ) is then a decomposition of the derivative in parallel and normal parts. 

Any vector field T> differentiating the Dirac bracket is decomposed as follows: 

V{f, 9}d = {Vf, g} D + {/, Vg} D O V = N a (9)V a + {H, -} D (2.26) 

The coefficients N a of the normal projections of T> depend on 9 only, whereas the parallel 
part is always reduced to the action of the Dirac bracket with some function H. The 
normal vector fields of N a {0)V a form a closed algebra iff the constraints 6 a form a Poisson 
subalgebra in the phase space. The question of the structure of the differentiation of a 
degenerate regular Poisson bracket has been studied in the book by Karasev and Maslov 
Q. The Dirac bracket is a special case of a degenerate Poisson bracket, which admits 
the explicit representation ( |2.26| ) for its differentiations. This representation seems to be 
unknown before. 



3 Extended Observables 

The equations 6 a (x) = may be locally solved by expressing 2m coordinates in terms 
of the remaining 2(n — m) independent coordinates. These solutions, x* 1 , belong to the 
hypersurface T which as mentioned above is a symplectic manifold locally spanned by 
2(n — to) independent coordinates, x* 1 represent x l in A4 on T. Their Poisson brackets 
satisfy the relations = {x l , x 3 }d\x^x*- We view functions oi x* 1 as observables. 

By extended observables we mean expressions x l {x) (or functions f{x l {x)) which are 
defined on the original symplectic manifold Ai and which on A4 satisfy the properties 
of x* 1 on r. More precisely we define extended observables x % (x) G M to be functions 
satisfying the following three properties: 

1) x\x*) = x** (3.1) 
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for whatever choice of solution x* % 6 V. 

2) 9 a (x i {x)) = 0, a = 1, . . . ,2m, 

and 

3) = {x\xP} D \ x -^x{x)i 



(3.2) 



(3.3) 



where the bracket on the left-hand side is the original Poisson bracket (2.3) on Ai. Notice 
that x l (x) both represents x* % on Ai and reduces to x* 1 on V. The expression ( |3.1|) implies 
that x*(x) must be of the general form 



x\x) =x l + A\x), A\x) = £ 4... at (x)ri 



e ak (x), 



(3.4) 



fc=i 



where the expansion (3.4) is understood as a formal power series in constraints 8 a with the 
coefficient functions X l ai ... ak {x) determined by the conditions ( |3.2j ) and ( |3.3p . The general 
solutions to these conditions are derived below. 



3.1 Solving flOp 

First we show that ([T^) always have solutions of the form (|3.4j ). To prove this consider 
the formal Taylor expansion 

e a (x) = e a {x + a(x)) = e a (x) + A i (x)d i e a + ^A i (x)A j (x)d i d j e a + ... (3.5) 

By means of this expression condition ( |3.2j ) may be solved order by order in powers of 6 a . 
To first order we get the equation 



9 a + d^X^S" = 0, 



and from the properties ( [2,17 ) and ( [2,20D we find that the vector field 



solves ( |3.6D for arbitrary functions fpj(x). Thus, we have 

4 = Xpx 1 = -{x\e~i}c lP + faW^D. 

and (|3.5| ) yield the equation 



To second order in 9 L 



0. 



x l fh d i e a + -x^xffidjt 

Again by means of ( 2.17 ) and ( 2.2C| ) we find that the vector field 



X 



Pi 



4^ 



--x%x™d n d m e p v p + fajiy 



(3.6) 
(3.7) 
(3.8) 

(3.9) 
(3.10) 



solves (|3.9| ) for arbitrary functions /g-w. It is now obvious that (3.2) may be solved by the 
ansatz (|3.4| ) order by order in powers of 6 a by means of the Taylor expansion (ft.5| ). To 
the nth order the solution has the form 



X. 



ai---a r , 



(3.11) 
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where f ai ... an j are arbitrary functions of x % which are symmetric in ctk, and where r„ 1 ... Qn 
are sums of powers of X l ai ... ak for k < n — 1 with coefficients involving derivatives of 9 P 
up to order n. 

The above expressions may be considerably simplified. First one may remove the 
derivatives of 9 P in X l ai ... an by means of the properties of the first order vector field X a 
in (|3.7| ). From (|3.7| ) we have 



x a en = x l a d^ 



which implies 

dkXfaeri + xidkd^ = o, 

This relation allows us now to rewrite ( 3.10| ) as follows 

X ai a 2 = J (X^dnX™ + X% 2 d n X™) dmO^V^ + f aia2 kD k 

The relation ( 2.25p yields then 

y / yn a ym , yn o ym \ f* i „ 7-)fe 

^>-aia2 — ^ \ yy ai u n yy a2 ' a.2 n ct\) u m ' y«i«2fc j 

„ — f _ i f y n f) Y m _l y n y m "\ , , 



(3.12) 
(3.13) 

(3.14) 



(3.15) 



which is much simpler than ( |3 . 1 0| ) . The same procedure may be used also for the higher 
order vector fields. The third order coefficient function is e.g. determined by the equation 



(3.17) 



x l aia2a:j d^ + x^x^didjffy + -x* ai xz a xz 3 a i me r/ ) e^e^ = o,(3.i6) 

which follows from ( p.2j ) and (3.5). By means of ( |3 . 1 2| ) , ( |3.13 ) and 

dkdjXid^ + djX^dkdiffi + dkX^djW + dkX^didjd^ = o, 

which follows from ( |3.13[ ), ( |3.16| ) may be reduced to 

(^X ai0l20l3 — X^ ia2 djX a:j + — X^ ai djX a2 dkX a3 — —X^X^djdkX^ 

xd l e^e ai e a2 e ai = o. 

After insertion of the solution ( [3.15 ) for the second order we find 



(3.18) 



X. 



aia2«3 
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— I X n , X nn X. 



+ 



sym a 



D k x i 



+ 



sym a 



(3.19) 



where "sym a" means symmetrization in the a-indices. g ai a 2 a 3 k is an arbitrary symmetric 
function. At an arbitrary order n we have in a similar fashion 



X. 



1 



nl 



X ai ■ ■ ■ X, 



a„-i A a. 



{x\x l } D , (3.20) 



sym a 



where the dots indicates terms involving the functions g ai --a m k f° r m = 2, . . . ,n— 1. Now 
these arbitrary functions may be absorbed by a redefinition of / a & in X l a . In other words, 
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we may without restrictions set Qot\---a m k 

= for m > 2, and consider the functions f a k to 

be of the form 



fak(x) — fLfii- 



(3.21) 



n=0 



(The same function x l (x) may be obtained for different choices of the coefficient functions 
a in ( |3.4[) .) This redefinition implies that the n th order coefficient function ( 3.20| ) 
reduces to 



S yma"n! ^ ' ' ' ^ ^ a 



which also follows from the recurrence relation 



sym a 



sc*, (3.22) 



(3.23) 



which may be derived from Q and Q. Eq.(fT22|) impl ies now that possible extended 
observables have the following simple form in terms of the first order vector field (|3.7|) 



x 



l a l . . . ft a ri 



n=0 



III 



(X ai ■ ■ ■ X an ^ 



sym a 



where £ Q are parameters. We have the relations 



\x) = 6 a {e^ x ' i x ) = e^ x ?8 a (x) 



0, 



(3.24) 



(3.25) 



which are valid for arbitrary f a f~. 

Notice that the higher order coefficients in (3.22) have to be symmetrized in the a- 
indices since X a in general do not commute. We have 

[X a ,X p ] = {K af3 , x^odi + h a p k D\ (3.26) 

where 

K a /3 = C a p + fai{x\x j } D fpj + C/3 7 {6» 7 , X*} f ai - C ay {6' 1 , X^ffji, 

KfSk = (f a i{x l ,x l } D - C Q7 {6^ ,x l })(dif/3k - dkfpi) - 

-(f?i{x\x l } D - C^flV}) - d k f al ). (3.27) 



3.2 Solving ( gj ) 



The general solution ( |3.24 ) of the condition ( |3.2| ) represents a large class of solutions since 
the functions f ak are completely unconstrained so far. However, when we now require 



the solution (3.24) also to satisfy a closed Poisson algebra in terms of the original Poisson 
bracket (2^3) then the arbitrariness in f ak will be considerably reduced. Notice that if 
x l (x) satisfy a closed Poisson algebra on M then this algebra must coincide with the 
Dirac bracket algebra, i.e. we must have the relation (|3.3j ), simply since {9 a (x),x 1 } = 
always is true. Now already at the zeroth order in 9 a we find a restriction from ( |3.3| ). We 
find 

{x\x),x?(x)}\e= = {x\x>} + {x\e a }xi + xi{e a , x i} + xi{e a ^}x j p = 

= {x\xP} D + Uk{x\A D C afi {x\x^ D Uu (3.28) 
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which should be {x l ,xi}r> according to (3.3). 

Consider now the right-hand side of the condition ( [3.3| ) . Taylor expansion of the Dirac 
bracket yields 

{x\xi} D \ x ^ s{x) = {x\x j } D + X%{x\x j } D 9 a + 

+x^d k {x i , x j } D e a e^ + ±x™xp m d n {x\aj} D e a eP + ... 



oo (n) (n) 

E Aij > ^ A Z-aJ ai 
n=0 



To the first four orders we have 



(3.29) 



A« = {x\x j } D , A% = X k a d k {x\xi} D 



(3.30) 



AZa 2 = X k aia2 d k {x\xi} D + -X™X n a2 d m d n {x\x>} D , 



(3.31) 



A 13 



-L— ( Y m Y n _i_ Y m Y n _l y m v n \ f) f) It-* Jl i 



(3.32) 



and the nth-order terms are symbolically given by {on indices and their symmetrization 
are e.g. suppressed) 



A}3 



E 



i 



(i) 



Ai+2A 2 H hr\ r =n 



Ai!---A r ! 



(r) 



(X ftl ) Al • • • (X«r)*r( dki )M idk ^ 2 . . . (^"{^X^. 

(3.33) 



Insertion of the solutions ( 3.22j ) imply now 



(3.34) 



which means that 



{x\x j } D \ x ^ x{x) = e^ Xa {x\x j } 



D 



(3.35) 



The question now is under which conditions this is equal to {x l ,x J }. We notice then 
that this definitely requires X a to differentiate the Dirac bracket. (We have explicitly 
checked this for the first three orders.) Thus, f ak must be of the form 



(3.36) 



n=0 



where b a /3 1 ...p n are arbitrary functions of x % . This implies 



X a — —V a + {f a , -}d, fa — E ^aPl-Pn 

n=0 



'1 . . . OPri 



(3.37) 
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A further consequence of ( |3,36j ) is that ( |3.26j ) reduces to 

[X a ,Xp] = {K a/3 , -} D , 

where 

Ka/3 = C aj 3 + {f a , f p] D + C ' ^{O 1 ', fa} ~ Ca 7 {^ 7 , //?}■ 



(3.38) 



(3.39) 



The property ( 3.38; ) is consistent with the fact that X a in (3.37) differentiates the Dirac 
bracket. The commutator of differentiations is a differentiation, thus it must have the 
form (g]2|). K a/3 flOg ) gives the explicit expression for the potential H in the parallel 
part of the derivative in fl2.26f) . 



For X a of the form (3.37) we have 



e^ Xa {x\x j } D 



{e^x* 



£= theta 



e^x* 



\ D = {x i (x),xi(x)} D .(3A0) 



From ( 2.24 ) condition ( |3. 3|) requires now 

V a x l {x)C al3 Vpx j {x) = 0. 

From the general expression 

(ECU) of 

x*(rc) we have 

V a x\x) = {f a ,x\x)} D -X a x\x), 
X a x i (x) = ^[X a ,X f3 }x i + O(0 2 ). 



(3.41) 



(3.42) 



Hence, to the zeroth order ( 3.4l| ) requires 

{f«,x l } D C a ?{fp,xi} D = 0, (3.43) 
which is consistent with the result fl3.28|) . The condition ( 3.4l| ) becomes to the first order 



{f a ,X^} D + ^-{K ai ,x'} D ) C a(i ( {f p ,XiX>} D + ^{Kp6,x>} D 



sym 7<5 



0. 



(3.44) 



This condition as well as all the higher order conditions from ( |3.41 ) are intricate conditions 
on f a and K a p in ( 3.39 ). If we are able to choose f a such that K a p are expressed in terms 
of 6 a and constants then the iiT a( g-dependence in these conditions will disappear. This is 
exactly the condition for X a to commute in ( 3.3£j ). For commuting X a we have also 



X a X i (x)=0 & V a X i = {fa,X l } D , 

which makes the conditions ( [3. 41 ) equivalent to 

{f a ,x i } D C a P{fp,xi} D = 0, 



(3.45) 



(3.46) 



which seems to be a simple condition on f a . In fact, all explicit solutions considered in 
the following have commuting X a . Maybe this is a general feature. Notice that we always 
have the property 



x l {x{x)) = x l (x), 



(3.47) 
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which trivially follows if X a commute due to (3.45). 



Whether or not there exist functions f a satisfying both ( [3.46 ) and {K a p, g(x)}D = 



for arbitrary functions g(x) G M in all theories with second class constraints is unclear. 
However, we expect that the class of theories for which this is possible to be large. (In 
subsection 4.2 and section 7 we give simple examples with a nontrivial C a p which satisfy 
these properties.) One may notice that all theories for which C a p is a function of only 
the constraints (i.e., in this case, the constraints 9 a constitute Poisson subalgebra in the 
phase space) so that V a commute are contained in this class since f a then may be chosen 
to be zero and we have 

V a x\x) = {x\x), 9 a } = 0. (3.48) 

In this special case, all the extended observables commute with the constraints. If the 
constraints do not form a Poisson subalgebra they can, of course, not commute with 
x l (x). 



4 Examples 

4.1 A simple example 

Consider a dynamical theory defined on a phase space, A4, on which x A and pa are 
globally defined canonically conjugate variables. We have the fundamental Poisson bracket 
relations 

{x A ,p B } = 6 B -, {x A ,x B } = { PA , PB } = 0. (4.1) 

The indices A, B are assumed to be raised (and lowered) by a constant regular symmetric 
metric g AB (gAB ) • 

On the phase space M we have two constraints, 6 a = 0, where 

9 1 = x A x A -R 2 , 6 2 =pax A , (4.2) 

where R is a positive constant. These constraints satisfy 

C 12 = {9 1 ,e 2 } = 2x A x A = 29 1 + 2R 2 . (4.3) 

Hence, the constraints are of second class and they form closed Poisson algebra. The Dirac 
bracket is 

{A, B} D = {A, B} - {A, O^CuiO 2 , B} - {A, 9 2 }C 21 {9\ B}, (4.4) 
where (x 2 = x a xa) 

C 12 = -\ = -C 21 . (4.5) 



Explicitly we find 



{x A ,x B } D = 0, { X ^ :PB } D = 5 A -^-, 

{pa,Pb}d = -K{paxb ~ Pbxa)- (4.6) 
x z 
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A general ansatz for extended observables satisfying the conditions (3.4) and ( |3.2| ) is 



R 



X A 



PA= PA- P ■ X^r + M AB (x,p)x , 



(4.7) 



where Mab(x,p) is an arbitrary antisymmetric tensor function which vanishes for 6 a = 0. 
The condition (|3.3|) , i.e. the correct Poisson bracket algebra fixes Mab(x,p). We get the 
solution (p ■ x = pax A ) 



R A 

~F=R X i PA 



vx . xa-. 



(4.8) 



Only these expressions satisfy 



A X A X B x a X A X B x a X A X B 



S 



B 



{x A ,x»} = 0, {x A ,p B } = 6_ 

X* ~ X* 

{Pa,Pb} = -Zp{PAX B -PBXA) = -j^(pAXB -pBXA)- 



>B 



R? 



Since {A,C } B = according to fl4.3| ), the ^-operators commute. We have 

Vx = c l2 {e\-} = ^( x A d^ A -p A d p A ), v 2 = c 21 {e\-} = ^d p A 



2 Ai 



(4.9) 



(4.10) 



where d A = d/dx A and cf A = d/dp A . One may easily check that [Vi,V2] = 0. Since we 
have f a = here the extended observables must satisfy V a x A = V a pA = according to 
fl3.48p or equivalently 



{x A ,e a } = {p A ,e a } = o. 

This condition on the general ansatz (pi) yields again the expressions 
expressions ( |1.8D are possible to write as 



x A = e~t aVa x A 



p A = e s a p A 



(4.11) 
Thus, the 

(4.12) 



According to ( |2.24| ) the properties ( |4.11 ) imply 

{x A ,x B } = {x A ,x B } D , {x A ,p B } = {x A ,p B } D , {Pa,Pb} = {Pa,Pb}d-(4-13) 



4.2 A simple but nontrivial example 

Consider a 2n-dimensional phase space (n > 2), M., spanned by the canonical coordinates 
x^ and p^ satisfying the Poisson algebra 

{x», Pu } = 6Z, {x»,x»} = {p^p u } = 0. (4.14) 

On A4 we impose two constraints, 9 a = 0, where 

9 1 =p 2 -m 2 , 6 2 = x 2 -a 2 , (4.15) 

where a and m are two real constants, x^ and p v are considered to be n-dimensional 
Lorentz vectors and all inner products are Lorentz products. Thus, in ( 4.15 ) p 2 = PuPvV^ 1 ' 
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and x 2 = x il x v r] i]LV where f]^ (rj^) is a time-like Minkowski metric in n dimensions. The 
constraints a = are of second class since 



C 
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0=0 



^0, C L2 = {6\9 2 } = -4p-x, 



(4.16) 



where p ■ x = p^x^ '. The Dirac bracket is given by (4.4) with 



C12 



Ap ■ x 



— C21. 



(4.17) 



Explicitly we get 



p^x 



{x», P u}d = K~ —, {x^x v } D = {p^ Pi/ }d = 0. 



p ■ X 



(4.18) 



In order to construct appropriate extended observables we first construct general so- 
lutions of ( |3.2| ) for the ansatz (|3.4|). There are several solutions. Three of them are given 
below. 



1) = x^ 



p^(p • x) 



P 



(l- V4 



; p = ^_?<jL*l(i_ y fi^ t (4 . 19) 



where 



p 2 {x 2 -a 2 ) _ x 2 (p 2 -m 2 ) 

a, 1 , a p - 1 . 



(p • x) 



(p • x) 



(4.20) 



2) 




p M (p • x) 



p 



1^(1 -VI)), j? 








(4.21) 



where 



£ = 1 



p 2 x 2 — m 2 a 2 



(p • x) 2 



(4.22) 



3) x" = W -5 re", &* = \ -o [P 



x )1 (p ■ x) 



(4.23) 



All three expressions (PI) , (H2H) and fly!) satisfy 



-2 2-2 2 

x = a , p = m . 



(4.24) 



It is straight-forward but tedious to check that the expressions (EL21~1) and (|423|) satisfy 



p^Xj, 

p ■ X 



, {^,x l '} = {p / „p ! ,} = 0, 



(4.25) 



which are the correct expressions required by (3.3) due to ( f4.18| ). However, ( |4.19 ) does 
not satisfy ( 4.25 ). The reason why we have found more than one correct solution will be 
explained in section 8. (There might be more than two solutions.) 
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We consider now the above solutions as expansions in the constraint variables: 

oo 



go*: 



fc=l 
oo 



(4.26) 



fc=l 



The solution ( 4.19 ) yields to first order e.g. 



Af = 0, x% 



pv 



2(p ■ x) ' 



Pf 



, r" 2 — u. 



(4.27) 



Other choices which differ from these by terms involving powers of constraint variables are 
also possible and are considered to be equivalent. Comparison with the general expression 
( ED , i-e. 

p£ = -{^,^}C 7/3 + {fp,!f}D (4.28) 

yields / Q = 0, which means that the fundamental first order vector fields X a do not 
commute for (4.19). X a are given by 



x 1 = x*m + if fig, a 2 = + if # 



(4.29) 



where <9^' = djdx^ and <9^ = d/dp 11 . Although the condition ( |3.46| ) is satisfied it is not 
equivalent to ( |3.4l|) . In fact, we have here 



Xip^ = A 2 x M = 0, X x x^ / 0, X 2 p^ ^ 0, 
=> XaxfCPXf,? + 0, 



(4.30) 



which violates ( |3.41| ) since A a = — here. This explains why ( 4.19Q does not satisfy 

(PD- 



Consider now the solution ( 4.21| ). It yields to first order e.g. 



At 



2m 2 2p 2 (p ■ x 



P 5 ^2 



2(p ■ x) 



if 



2m 2 



P 2 M = 0. (4.31) 



Comparison with the general expression fl4.28| ) yields then the possible choices for f a . One 
possible choice is 



(jp ■ x) 
2m 2 



, /2 = 0. 



This choice makes ( |3.46 ) zero and yields for ( |3.39| ) 

(m 2 — p 2 ) 



K\2 = C12- 



-if 21- 



(4.32) 



(4.33) 



Let us now see if we can make another choice of f a such that the first order vector fields 
( |4.29 ) commute by requiring K a p in (3.39) to be functions of the constraint variables 9 a 
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only. The allowed forms of f a are given in (3.37). We may therefore replace f\ in ( [4.3S 
by 



h 



(p ■ x) 
2m 2 



+ b 11 (p 2 -m 2 ), h 



This expression makes K a @ zero for the choice 

(p-x) _ 



h 



(p-x) 



2m 2 p 2 2p 2 
This fx inserted into ( [4.28 ) yields the first order coefficients 



(4.34) 



(4.35) 



yY i — — 

1 2p 2 



2p 2 (p ■ x 



2(p ■ x) 



if 



P 

2p 2 



P? = 0, (4.36) 



which differ from ( |4.31| ) by a power expansion in the constraint variables. One may easily 
check that (X a are the first order vector field defined by fl4.29| )) 



= 0, X a p» = 



(4.37) 



as required by (|3.45 ). The solutions ( |4.21|) a re therefore of the exponential form ( |3.24| ). 
The solutions (g 23|) satisfy (gj| ) since (^.46|) is satisfied. 



For the solutions (4.23) we find the first order coefficients 



A 1 - U, A 2 - ~2^2, M 



The general expression (g2| ) yields here 

/i = 0, h 



2(p ■ x) ' 
(p ■ x 



p n = P 2 

1 2x 2 2x 2 (p ■ x] 



x/' 



2x 2 



(4.38) 



(4.39) 



which also satisfies the condition ( p.46 ). One may easily check that this choice make K a p 
in ( 3.3S| ) zero, which means that the vector fields ( 4.29| ) commutes. Even the solutions 
( |4.23D satisfy the properties ( |4.37 ) which means that also they are of the exponential form 
( P.24|) . Note that {0 1 , fi} = 1 for the solution (|4.2l|) and {9 2 ,f 2 } = 1 for the solution 
( f4.23p . These properties are probably not accidental as will be explained in section 8. 



5 Extended observables in theories with first class constraints 

Consider a dynamical system defined on a 2n-dimensional symplectic manifold M. Let 

(j) a (x) = 0, a = 1, . . . , m < n (5-1) 
be first class constraints, i.e. let (fr a (x) satisfy the Poisson algebra 

{4>a(x), 4>a(x)} = fab C (x)4>c(x), (5.2) 

where f a b C ( x ) are structure functions. Even here we may define extended observables 
along the lines of section 3. For this we need m functions x a { x )i a = l,---,m, satisfying 
the properties 

{ X a (x), X b (x)} = 0, det{x», Mx)}L=o + 0- (5-3) 
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Since x a ( x ) an d <j>b( x ) together act like the second class constraint variables 9 a in section 
3, the previous analysis applies. Thus, we may define a Dirac bracket where both x a ( x ) 
and (pb( x ) are Casimir functions. By means of the formula ( gjgg ) we may define the Dirac 
bracket by 

{/, 9}d = {/, g} + M\V b fV a g - M\V a fV b g - f ab c <PcV a fV b g, (5.4) 



where 



and 



M a b (x) = {x a (x),M*)}, (5-5) 



V* = (M~ l ) a b (x){x h , •}, {M- 1 T b (x)M b c (x) = 5 a c , 

V a = -(M^ 1 ) b a (x){4> b , •} + (M~ 1 r a (x)(M~y b (x)f cd e Mx b , •}, (5.6) 

which are defined according to formula ( |2.19| ), i.e. they are the ^-operators of section 3 
for 9 a = (x a , 4>a), an d they differentiate the Dirac bracket (|5.4j ). 

Let x* 1 be any solution of <p a {x*) = where m of the coordinates x l are made dependent 
variables, x* 1 are viewed as observables here. By extended observables x l {x) we then mean 
expressions defined on M satisfying the properties 

x\x*) = x*\ (5.7) 

M*) = °> ( 5 - 8 ) 

and 

{x i (x),x j (x)} = {x\x j } D \ x ^ i(x) . (5.9) 
The first condition ( |5.7| ) requires x l {x) to be of the form 



x\x) = x i + ^X iai - ffl ™(x)0 ai (^)---0 an (x). (5.10) 

n=l 

It is easily seen that 

x\ x ) = e-Wx* (5.11) 

are solutions of ( |5.8D of the form ( |5.10| ). As in section 3 we have also the property 

{x\3P}d\ x -^{x) = e-^ va {x\x j } D = {x\x j } D , (5.12) 

where the last equality follows since y a differentiate the Dirac bracket. Now since the 
X a -variables are chosen to satisfy (5.3) the ^-operators commute, i.e. 

[V a ,V b }=0. (5.13) 

This implies that 

V a x i (x) = ^ {x a ,x i (x)} = 0, (5.14) 

which for the Dirac bracket ( |5.4j ) implies 

{x\x j } D = {x\x j }. (5.15) 

This together with ( |5.12j ) shows that the condition ( ^.9[) is satisfied. Notice that in dis- 
tinction to the extended observables x l (x) in the second class case, x l {x) are much more 
ambiguous due to the large freedom how to choose the "gauge fixing" variables x° ''■ I n 
other words there is a large gauge freedom in x l {x). 



15 



5.1 Example: The free relativistic particle 



Let and p^ be coordinates and momenta for a free relativistic particle. The momenta 
satisfy then the mass shell condition (we use timelike metric) 



= p — m =0. 



Let us choose as "gauge fixing" variable 



X = rj ■ x - t, 



(5.16) 



(5.17) 



where r is a parameter and rj^ a constant four-vector. The condition ( |5.3| ) requires rf > 0. 
The extended observables are here 



V 



2rj ■ p 



{q-x,-}. (5.18) 



Explicitly we have 



x » = x^ f-=^- ( i - Ji - ■' ^ ' l , n 2 >o. (5.19) 



r] 2 (p 2 — m 2 ) \ 2 



x^ = x » p^=p^ — (p 2 -m 2 ), ii 2 = 0. 

2rf ■ p 



(5.20) 



If the particle is massive, m / 0, we may also choose the proper time gauge fixing 

X = p • x — t. (5-21) 



In this case we have the expressions (|5.18|) for 



(5.22) 



which explicitly yield 




t/-^r.r''. p" = 4/^jA 
m z y p l 



(5.23) 



All solutions ( |5.19| ), ( |5.20| ), and ( |5.23| ) satisfy p 2 = m 2 . One may easily check that property 
(U) is valid. 



6 Comparisons with gauge invariant extensions 

The extended observables constructed in the previous section are not what one usually 
considers to be observables in a gauge theory. Normally they are gauge invariant quantities. 
Indeed there is something called gauge invariant extensions in the literature (see e.g. [@, [J). 
They are quantities x l (x) defined on M. with the following properties: They are gauge 
invariant, i.e. they satisfy 

{x\x),Mx)} = Ci b (x)cp b (x), (6.1) 
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where (j) a (x) are the first class constraint variables satisfying the algebra ( |5.2|) , and C l a h {x) 
are unspecified coefficient functions. x l (x) also satisfy 

X a (x) = 0, (6.2) 

where x a are "gauge fixing" variables satisfying the properties ([5l]), and 

x^x*) = x *\ (6.3) 

where x* 1 is any solution of \ a { x *) = with m dependent coordinates. Furthermore, we 
have 

{x\x),x^x)} = {x\x^} D \ x ^ {x) + C^\x)Mx), (6.4) 

where b (x) are unspecified coefficient functions and where the Dirac bracket is the one 
in ( |5.4| ). For Lie group theories the following general formula was given in || 

x\x) = [d m n\ det{ X a (xn), 5 m (x(x n ))4, (6-5) 



where Xq is a gauge transformed x % and d m Q, is the volume element of the group. 

^From the analysis of the previous sections we are now able to make a more careful 
analysis of these gauge invariant extensions. From the property ( |6.3| ) it is clear that x l (x) 
must be of the general form 

oo 

x\x) =x l + J2 X^ix^ix) ■ ■ ■ X a -(x). (6.6) 

n=l 

In fact, the obvious solution of this form is 

x\ x ) = e-^x 1 , (6.7) 



where the differential operator V a is given in (p.q). This expression of x l {x) satisfies (jfh 
due to the properties 

VaX b = $1 Vafo = 0. (6.8) 

The properties Q6.1| ) and ( |6.4D follow then from the following commutation relations 

[V a , V b ] = Ux){f c !(x){M- l y a (x)(M- l ) d b (x), ■ } D , (6.9) 



where the Dirac bracket is the one in ( |5.4| ). Thus, the V^-operators only commute if the 
structure functions f ab {x) and M a b (x) are functions of only the constraint variables (j) a 
and/or \ b ■ I n this case the last terms in ( |6,4| ) vanish. Strict gauge invariance, i.e. 



{x i (x),cp a (x)} = (6.10) 
is only valid for abelian gauge theories. 
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6.1 Example: The free relativistic particle 



Let as in the previous section and p^ be coordinates and momenta for a free relativistic 
particle where the momenta satisfy 

<j> = p 2 - m 2 = 0. (6.11) 

The gauge invariant extensions are easily calculated by means of formula (6.5). In the 
gauge x = V " x ~ T we nn d 

p»=p», = -^— + T —, rEiY-^y, (6.12) 
r\ ■ p 7] ■ p 

and in the proper time gauge x = x " P ~ T we have 

P*=jr, ^ = ^- + r^. (6.13) 

These expressions satisfy (|6^ )-( ]6.3D and property ( |6.1|) with C* b = and ( |6.4[ ) with 
C^' fe = 0. 



7 Extended observables in general gauge theories in a par- 
ticular gauge 

General gauge theories are theories with first class constraints. In the previous sections, 5 
and 6, we have constructed two types of extended observables for these theories. Here we 
define a third type namely extended observables as defined in section 3 for second class 
constraints. Consider therefore again the first class constraint variables <fi a (x) in ( |5.lD - 
fl5.2j ) and the gauge fixing variables x a ( x ) with the properties (5.3). The physical degrees 
of freedom are described by x* 1 satisfying the conditions 

a (O=O, X a (x*) = 0, a=l,...,m. (7.1) 

x* % depends on 2{n—m) independent coordinates. As in section 3 we view x* % as observables 
here. In order to define extended observables x l (x) we need differential operators X a , 
a = 1, . . . , 2m, which probably must be commuting. The V a - operators in ( |5.6|) do not 
commute in general. However, we expect that we always may define commuting X a - 
operators defined by 

X a = -V a - {f a , ■ } D , 

X a = -V tt - Mfl ■ }d, (7.2) 

where V a and V a are the V^-operators in (|5.6| ), and where f a and f e a satisfy the condition 

{f a ,x*} D Ml{f»,xi} D - {f c a ,xi} D Ml{f b ,x l } D + {f^x^nUif,^}!) = 0, 

(7.3) 

which follows from ( |3.46 ). The extended observables are then given by 

Even these expressions are gauge invariant in the sense of fl6,l| ). They may therefore be 
called proper gauge invariant extensions since they describe exactly the right number of 
degrees of freedom in distinctions to the gauge invariant extensions in section 6. 
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7.1 Example: The free relativistic particle 

Consider again the relativistic particle with coordinates and momenta p^ satisfying the 
mass shell condition 



p 2 — m 2 = 0. 



(7.5) 



In the following we denote the ^-operators by V and W corresponding to V a and V a 
respectively. In the proper time gauge 



we have then 



X = p ■ X - T, 



V^±{p-x,.} W = -±{p>,-}, 



(7.6) 



(7.7) 



which do commute. The extended observables are therefore 



x^(x,p) = e 



^(xjp) = x^(x,p) 



p M (x, p) = p^(x,p) 



where x^ and p^ are given in ( 5.23| ), and x^, p^ in ( |6.13 ). 
In the gauge 



we have 



V 



1 



2rj ■ p 

These operators do not commute. We have 



X = V X-T, T] > 



{q ■ x, ■ } W 



P 2 f PuJ^ u P 



m 2 V P 2 



+ T- 




2r\ ■ p 



{P 2 , ■ }• 



P 



(7.8) 



(7.9) 



(7.10) 



[V,W] = { 



However, if we replace V by X defined by 



X = V + { 



2r\ • p 



r\ ■ x 
2r/ ■ p } 



}d- 



}d, 



(7.11) 



(7.12) 



then X and W commute. This choice satisfies the condition (7.3). The extended observ- 
ables are therefore for rj 2 > 



t (l-VT 



£^<t>,p->x 



j3) = x^(x,p) 



VP \ vVA 
p*{x,p) = e-^-pWp^ 



(j] 2 p^ — r\ ■ prf 



A = 1 



r\ (p — m 2 ) 



£-+<j>,p-+x 



(n-p) 2 

p^(x,p) =p fl (x,p) = 



(7.13) 
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where x^ and p^ are given in ( |6.12| ) , and where x^ and p^ are given by 

£f (x) = e~€ x ^ 



x» + -i — - _ (77V - »7 • prf) , 



T]-X (1-VA 

p^( x ) = e-tXpP =p^- "tUlIL (1-VA). (7.14) 
For ?] 2 = these expressions reduce to 

p^x,p)=p^--^(p 2 -m 2 ), (7.15) 

IT] ■ p 



and 



^(x)=^-^-^^(p 2 -m 2 ), 

^(x)=pf t - 7 ^-(p i -m 2 ). (7.16) 
277 • p 

8 Quantization 

We believe the existence of extended observables to be a strong indication that the given 
theory may be quantized in a covariant fashion. Since we know how theories with first 
class constraints may be quantized covariantly, our main interest is in theories with second 
class constraints. The question then is how the extended observables and their construc- 
tion could be helpful in a covariant quantum theory. The exponential mapping to the 
extended observables could perhaps be used for the construction of physical symbols from 
the original ones (cf ||). However, before we give any prescription for a covariant quan- 
tization of second class theories we need to understand the properties obtained so far. 
First it is clear that although we have succeeded to specify the properties of extended 
observables in details in section 3, we have not yet obtained a precise classification of 
all theories for which these observables actually exist. This will probably be clarified in 
the near future since we have obtained simple general forms of the solutions and simple 
conditions for their existence. From the very simple examples treated in section 4 and 
comparisons with corresponding properties for theories with first class constraints, it is 
obvious that the approach here is directly connected to the approach of splitting the sec- 
ond class constraints into first class ones and gauge fixing conditions |Q, |[. In principle 
such a splitting is always possible (a polarization). One may notice that for the simple but 
nontrivial example treated in subsection 4.2 we found two distinct extended observables. 
From the point of view of sections 5-7 it is clear that these two solutions correspond to 
two natural choices of gauge generators. In fact, 6 1 is a gauge generator for the solution 
(E~2l|) and 9 2 for Q4.23D - The extended observables are therefore gauge invariant from this 



point of view and can also be viewed as proper gauge invariant extensions of the type 
given in section 7. The example in 4.2 seems also to give a clue for what the / Q -functions 
actually do for us. The commuting X a -operators for the solution (|4.21| ) has the property 
X a A = « {fi,A} = {0 l ,A} = which is consistent since {9 l ,fi} = 1. (For the 
solution flPaD we have X a A = & {f2,A} = {d 2 ,A} = and {9 2 ,f 2 } = 1.) The 
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same happens in the example of section 7. Thus, it seems as if the nonzero ^-functions 
replace an equal number of ^"-functions in such a fashion that X a will commute. These 
observations should play an important role in a covariant quantization. 

One way to quantize theories with second class constraints covariantly in which the 
extended observables play a crucial role may be described as follows: Consider a theory 
with a Hamiltonian H(x) and first and second class constraints (j) a and 8 a . Eliminate the 
second class constraints 9 a by replacing x % by the extended observables x % (x) in H(x) and 
4>a{x) where x l {x) is constructed according to section 3. The theory is then transformed 
into an equivalent theory given by the Hamiltonian H(x) and the first class constraints 
4> a (x) and the gauge generators under which x l (x) is gauge invariant. 

Example: Particle on a sphere. 

Consider a theory with the Hamiltonian (a free nonrelativistic particle) 

H P 2 



2m ' 



and the constraints 9 a = where 



6 1 = x 2 - R 2 , 6 2 = p • x, (8.2) 

where R is a positive constant (cf subsection 4.1). The resulting theory describes a free 
particle on a sphere with radius R. The extended observables are here 

R _ Vx* ( p • x 



x, p = — ( p - — ^x j . (8.3) 

We may therefore eliminate a and consider the equivalent theory with the Hamiltonian 

d 2 L 2 

H = — = L = xxp (8.4) 

2m 2mR 2 ' v y 1 



Quantization yields then the spectrum 

El ~ ~^rT- (8 - 5) 

The state space is restricted by either 9 1 or 9 2 as gauge generator. This procedure should 
be compared to the treatment of ||] in which the method of splitting the second class 
constraints in gauge generators and gauge fixings is used. The difference is that we here are 
making use of uniquely defined extended observables which precisely define the equivalent 
theory. 



9 Summary of the results 

In this paper we have obtained new results for general classical Hamiltonian theories 
with constraints. We have for the first time precisely defined and explicitly constructed 
extended observables for such theories which considerably generalizes the concept of gauge 
invariant extensions used in general gauge theories. (Even the properties of the latter 
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are further clarified.) For simplicity we have considered finite dimensional theories. (The 
generalization to infinite dimensional theories is in principle straight-forward.) The results 
may be summarized as follows: 

Given is a 2n-dimensional symplectic manifold A4 with coordinates x l , i = 1, . . . , 2n. 
Its closed, non-degenerate two- form and related Poisson bracket is defined in section 2. 
On this manifold we have a set of constraints. They may either be of first or of second 
class (or a mixture) in Dirac's classification Consider first the case of second class 
constraints. We have then the constraints 9 a (x) = 0, a = 1, . . . , 2m < 2n, satisfying the 
properties 

det C Q/3 | e _ Q + 0, C Q/3 = {9 a , 13 }. (9.1) 

In this case the extended observables x l {x) are defined as follows: x l (x) are functions on 
A4 satisfying the properties 

1) x\x*) = x* { (9.2) 

for any solution x* 1 of a (x*) = 0. (x* 1 are observables.) Also the extended observables 
themselves are solutions of the constraints, 

2) 9 a (x(x)) = 0, a = l,...,2m. (9.3) 

Furthermore, they satisfy the Poisson algebra 

3) {x\x),x j (x)} = {x\x j } D \ x ^ x{x) , (9.4) 

where the bracket on the left-hand side is the original Poisson bracket on A4, while the 
bracket on the right-hand side is the Dirac bracket defined in ( [2. 11 ). The general solutions 
of conditions l)-3) we have found to be of the following form 

x\x) = e* * **! , (9.5) 

where £ Q are parameters and X a vector fields of the form 

X a = -V a + {f a , ■ } D , Va = C a/3 {6^ ■ }. (9.6) 

X a differentiates the Dirac bracket ( |2 . 1 1| ) since V a also has this property as proved in the 
appendix. The functions f a in ( |9.6| ) must be chosen such that 

V a x\x)C al3 Vi3X j (x) = (9.7) 



is satisfied. We believe that this requires f a to be chosen such that X a in Q9.6| ) commute 
and at the same time satisfy 

{f a ,x l } D C at3 {fp,xi} D = 0. (9.8) 

However, the last two conditions seem to be stronger than d9.7|) . In order for X a to 
commute f a must be chosen such that K a @ defined by 

K af3 = C aP + {/„, f p } D + CfriPi, f a ] - C ai {e\ fp] (9.9) 
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at most depends on the constraint variables 9 a apart from constants (see (3.38)). 

For first class constraints (j) a (x) = 0, a = l,...,m < n we may define extended 
observables x l (x) analogously. x l (x) satisfies 

1) x\x*) = x** (9.10) 

for any solution x* % of 4> a {x*) = 0, and x l (x) are themselves solutions, 

2) ( f> a (x i (x)) = 0, a = l,...,m. (9.11) 

Furthermore, we have the relation 

3) {x i (x),x^x)} = {x i ,x^} D \ x ^ (x) , (9.12) 

where the Dirac bracket is defined in terms of 4> a and a set of gauge fixing variables x a ( x ) 
satisfying 

{X a (x),x\x)} = 0, det{ X a (x),^(x)}L =0 ± 0. (9.13) 



The solution is 



where 



x\ x ) = e-*» v V , (9.14) 



V a = (M~ l )\{x){ X \ •}, M\{x) = { X a (x), (9.15) 

These ^"-operators commute due to ( |9.13[ ). The extended observables (9.14) are not 
what one normally would call observables in a general gauge theory since they are not 
gauge invariant. In section 6 we defined gauge invariant observables x l (x) along the lines 
what has been considered before (see e.g. (2|, |j|). They satisfy x a ( x ) = instead of 1) 
in ( p,10| ) and a weak form of 3) in ( |9,12j ). If we actually make use of x a as g au g e fixing, 
i.e. view <p a (x) = and x a ( x ) = as second class constraints then we may construct the 
corresponding extended observables according to the rules for second class constraints. 
We find then the solution ( |9.5[ ) with 9 a = (4> a ,X a )- Interestingly enough this solution 
is also gauge invariant and it could be called the proper gauge invariant extension. The 
method to construct extended observables for second class constraints seems therefore to 
be appropriate also for first class constraints. 

In section 8 we discussed the possibility to perform a covariant quantization of theories 
with second class constraints using the new insights of the present paper. First we noticed 
that the results so far seem to indicate a connection to the method of splitting the second 
class constraints into first class ones and gauge fixing conditions (see [Q, ||). However, 
the extended observables by themselves also provide for a simple algorithm how to map 
the constrained theory to an equivalent unconstrained one. This mapping procedure was 
exemplified for a particle on a sphere and led to a very simple quantization of this system. 
Whether or not such a procedure eventually may compete with the standard conversion 
method || in which the second class constraints are converted to first class ones by means 
of additional variables are left for the future to decide. 
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A Proof of Leibniz' rule (2.14) for V a 



Let us prove ( |2.21| ) backwards: 

{V a f, 9}d + {/, V a g} D = {{/, e^}C^ a ,g} D + {/, {g, 9^}Cp a } D = 
= {{/, ePyCpcg} - {{/, ^}C /9aj ^}C 7 a{#\ <?} + 

+{/, { g , eP}Cp a ) - {/, F}c 7A {0\ {g, e p }Cp a } = 
= ({{f,eP},g} + {f,{g,e (3 }})Cf 3a + 

+{/, e^HC^g} + {C Xa , f}{8\g} - 

-{{/, OP}, e^}Cp a C lX {6 x , g} - {/, 9~<}C jX Cp a {e\ {g, 9?}} - 

-{/, e~<}{c ia , e?}Cp X {e\ g } - {/, c Aa }c 7/3 { 5 , # A }. (a.i) 

Inserting 

{C 7Q ,S>} = -C 7A {C A ^,5}C^ a = \ Jac. id.\ = 

= c lX {{e^,g},e x }Cp a + c^{{g,e x },e^}c^, (a.2) 

and the corresponding expression for {C Xa , /} into ( |A.l| ) we find 

{V a f,g} D + {f,V a g} D = {f,g}C Pa - {{f,6P},6i}Cp a C lX {9\g} - 
-{/, 9~<}C jX Cp a {6 x , gjef 3 }} - {{/, ei},eP}C lX {9 x ,g}C Pa - 

-if, * 7 } {{Cia, o?}c px + {c aX , ePyCfr) {e x , g y, (a.3) 

where we also have made use of a Jacobi identity for the first terms. Now we have 

{C ia ,6^}Cp X + cycled, a, A) = 0, (A.4) 
which is easily proved by means of Jacobi identities. ( |A.4j ) in (A.3) yields then 
{V a f,g} D + {f,V a g} D = 



{{/,<?} - {f^yc^{e x ,gy^yc Pa = v a {f,g}o (A.5) 
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